


𝜕𝑓

𝜕𝑡
+ 𝒗 ∙

𝜕𝑓

𝜕𝒙
+

𝑭

𝑚
∙

𝜕𝑓

𝜕𝒗
= 0

𝑭 = 𝑒 𝑬 +
𝒗

𝑐
× 𝑩

𝜕𝑓

𝜕𝑡
+ 𝒗 ∙

𝜕𝑓

𝜕𝒙
−

𝑒

𝑚
𝛁𝑈 ∙

𝜕𝑓

𝜕𝒗
= 0

∆𝑈 = −4𝜋𝜌𝑒

𝑓(𝒙, 𝒗, 𝑡): 

න 𝑑𝒙𝑓 𝒙, 𝒗, 𝑡 = 𝑓(𝒗, 𝑡)

න 𝑑𝒗𝑓 𝒙, 𝒗, 𝑡 = 𝑓(𝒙, 𝑡)



𝑓 = 𝑓(𝒙, 𝒗, 𝑡) 𝑓𝑊 𝒙, 𝒗, 𝑡 =
𝑚

2𝜋ℏ
න 𝑑𝒓 𝜑 𝒙 +

𝒓

2
, 𝑡 𝜑∗ 𝒙 −

𝒓

2
, 𝑡 𝑒−𝑖

𝑚𝒗∙𝒓
ℏ

𝜕𝑓

𝜕𝑡
+ 𝒗 ∙

𝜕𝑓

𝜕𝒙
+

𝑭

𝑚
∙

𝜕𝑓

𝜕𝒗
= 0 𝑖ℏ

𝜕𝜑 𝒙, 𝑡

𝜕𝑡
= 𝐻𝜑 𝒙, 𝑡



𝑓𝑊 𝒙, 𝒗, 𝑡

=
𝑚

2𝜋ℏ
න 𝑑𝒓 𝜑 𝒙 +

𝒓

2
, 𝑡 𝜑∗ 𝒙 −

𝒓

2
, 𝑡 𝑒−𝑖

𝑚𝒗∙𝒓
ℏ



𝑓𝑊 𝒙, 𝒗, 𝑡 =
𝑚

2𝜋ℏ
න 𝑑𝒓 𝜑 𝒙 +

𝒓

2
, 𝑡 𝜑∗ 𝒙 −

𝒓

2
, 𝑡 𝑒−𝑖

𝑚𝒗∙𝒓
ℏ 𝑖ℏ

𝜕𝜑 𝒙, 𝑡

𝜕𝑡
= 𝐻𝜑 𝒙, 𝑡



𝑖ℏ
𝜕𝜑 𝑥 +

𝑟
2

𝜕𝑡
= 𝐻𝜑 𝑥 +

𝑟

2

𝜕𝑓𝑊

𝜕𝑡
+ 𝑣

𝜕𝑓𝑊

𝜕𝑥
+

𝑒

𝑚
𝐸 𝑥

𝜕𝑓𝑊

𝜕𝑣
= −

ℏ2

24

𝑒

𝑚3

𝜕2𝐸 𝑥

𝜕𝑥2

𝜕3𝑓𝑊

𝜕𝑣3

ℏ2

24
𝑒

𝑚3
𝜕2𝐸 𝑥

𝜕𝑥2
𝜕3𝑓𝑊

𝜕𝑣3

𝑒
𝑚

𝐸 𝑥
𝜕𝑓𝑊
𝜕𝑣

 ~
1

2π 2

1

λp
2

ℎ

𝑚𝑉0

2

λe

λp

α =
1

2π

λ𝑒

λ𝑝
=

1

2π

1

λp

ℎ

𝑚𝑉0

𝑓𝑊 𝑥, 𝑣, 𝑡 =
𝑚

2𝜋ℏ
න 𝑑𝑟 𝜑 𝑥 +

𝑟

2
, 𝑡 𝜑∗ 𝑥 −

𝑟

2
, 𝑡 𝑒−𝑖

𝑚𝑣𝑟
ℏ

=
1

2π 2

λe
2

λp
2 ≡ α2

−𝑖ℏ
𝜕𝜑∗ 𝑥 −

𝑟
2

𝜕𝑡
= 𝐻𝜑∗ 𝑥 −

𝑟

2

:

𝜕

𝜕𝑡
𝜑 𝑥 +

𝑟

2
, 𝑡 𝜑∗ 𝑥 −

𝑟

2
, 𝑡



𝜑 𝑥, 𝑡 = 0

𝜑 𝑥, 𝑡 = 0 = exp
𝑖

α
cos 𝑘0𝑥

𝑓𝑊 𝑥, 𝑣, 𝑡 = 0 = 𝛿 𝑣 − 𝑉0 sin 𝑘0𝑥 

𝑓𝑊 𝑥, 𝑣, 𝑡 = 0 =
𝑚

2𝜋ℏ
න 𝑑𝑟 𝜑 𝑥 +

𝑟

2
, 𝑡 = 0 𝜑∗ 𝑥 −

𝑟

2
, 𝑡 = 0 𝑒−𝑖

𝑚𝑣𝑟
ℏ



𝑖
𝜕𝜑

𝜕𝑡
= −

α

2

𝜕2

𝜕𝑥2
+

𝑈 𝑥

α
𝜑

𝜑 𝑥, 𝑡 + ∆𝑡 = 𝐻 ∆𝑡 𝜑 𝑥, 𝑡

𝑒𝐴𝑒𝐵 = 𝑒𝐴+𝐵+
1
2

𝐴, 𝐵 +⋯𝑇 = −
α

2

𝜕2

𝜕𝑥2
𝑉 =

𝑉 𝑥

α

𝐻 ∆𝑡 = exp −𝑖 −
α

2

𝜕2

𝜕𝑥2
+

𝑈 𝑥

α
∆𝑡

𝐻 ∆𝑡 = exp −𝑖 𝑇 + 𝑉 ∆𝑡 = 𝑒−𝑖
𝑇
2∆𝑡𝑒−𝑖 𝑉∆𝑡𝑒−𝑖

𝑇
2∆𝑡 + 𝑂 Δ𝑡3

𝜑𝑥
𝑛+1 = 𝑒−𝑖

𝑇
2

∆𝑡𝑒−𝑖 𝑉∆𝑡𝑒−𝑖
𝑇
2

∆𝑡 𝜑𝑥
𝑛

α =
1

2π

λ𝑒

λ𝐷



Δ𝑡

∆𝑡 ≪
2

α

Δ𝑥2

π2
=

2

𝑣max
𝑉0

2 α

Δ𝑥 =
π

ൗ
𝑣max

𝑉0

α 
 𝑣max  Δ𝑥 

α 
α 

α =
1

2π

λ𝑒

λ𝑝
=

1

2π

1

λp

ℎ

𝑚𝑉0



𝜑 𝑥, 𝑡 = 0 = exp
𝑖

∆𝑉
cos 𝑘0𝑥

𝑓𝑊 𝑥, 𝑣, 𝑡 = 0 = 𝛿 𝑣 − 𝑉0 sin 𝑘0𝑥 

𝑣 = 𝑉0 sin 𝑘0𝑥 𝑛𝑒 = 𝑛0 = 1

𝐿 = 2π/𝑘0

𝑛0 = 1

+ ++++ ++++

e−

e−

e−e−

e− e−

𝑣 = 𝑉0 sin 𝑘0𝑥

= 2048

=
1

105

α ∶
1

50
~

1

1000



: : α =
1

26
+ + +: α =

1

10

𝑘0𝑥 = 𝜋 𝑘0𝑥 = 𝜋

α =
1

50

α =
1

200

α =
1

1000



∝ α2

α

∝ α1.65

α

α



α α2

α1.65

𝜔𝑝𝑡 = 15𝜔𝑝𝑡 = 10𝜔𝑝𝑡 = 0



𝑓𝑊

න 𝑑𝑥 𝑓𝑊(𝑥, 𝑣) = 𝜑 𝑣 2න 𝑑𝑘 𝑓𝑊(𝑥, 𝑣) = 𝜑 𝑥 2 𝑓𝑊 𝑥, 𝑣, 𝑡 ∈ Re 𝑓𝑊 𝑥, 𝑣, 𝑡 > 0

 𝑓𝑊(𝑥, 𝑣, 𝑡) 

𝜌 𝑟, 𝑟′, 𝑡 = 𝜑 𝑟, 𝑡 𝜑∗ 𝑟′, 𝑡

ቊ
𝑥 = 𝑟 + 𝑟′ /2

𝑅 = 𝑟 − 𝑟′
𝜌 𝑥 +

𝑅

2
, 𝑥 −

𝑅

2
, 𝑡 = 𝜑 𝑥 +

𝑅

2
, 𝑡 𝜑∗ 𝑥 −

𝑅

2
, 𝑡

𝑓𝑊 𝑥, 𝑣, 𝑡 =
𝑚

2𝜋ℏ
න 𝜌 𝑥 +

𝑅

2
, 𝑥 −

𝑅

2
, 𝑡 𝑒−𝑖

𝑚𝑣𝑅
ℏ 𝑑𝑅 =

𝑚

2𝜋ℏ
න 𝑑𝑟 𝜑 𝑥 +

𝑅

2
, 𝑡 𝜑∗ 𝑥 −

𝑅

2
, 𝑡 𝑒−𝑖

𝑚𝑣𝑅
ℏ



𝑓𝑊

𝑓𝑊 𝑥, 𝑘, 𝑡 =
1

2𝜋
න 𝑑𝑅 𝜑 𝑥 +

𝑅

2
, 𝑡 𝜑∗ 𝑥 −

𝑅

2
, 𝑡 𝑒−𝑖𝑘𝑅

න 𝑑𝑥 𝑓𝑊(𝑥, 𝑣) = 𝜑 𝑘 2න 𝑑𝑘 𝑓𝑊(𝑥, 𝑘) = 𝜑 𝑥 2

න 𝑑𝑘 𝑓𝑊 𝑥, 𝑘 =
1

2𝜋
න 𝑑𝑅 𝜑 𝑥 +

𝑅

2
𝜑∗ 𝑥 −

𝑅

2
න 𝑑𝑘 𝑒−𝑖𝑘𝑅

= 𝜑 𝑥, 𝑡 𝜑∗ 𝑥, 𝑡 = 𝜑 𝑥 2

𝑓𝑊 𝑥, 𝑘, 𝑡 ∈ Re 𝑓𝑊 𝑥, 𝑘, 𝑡 > 0

𝑓𝑊
∗ 𝑥, 𝑘, 𝑡 =

1

2𝜋
න 𝑑𝑅 𝜑∗ 𝑥 +

𝑅

2
, 𝑡 𝜑 𝑥 −

𝑅

2
, 𝑡 𝑒𝑖𝑘𝑅

=
1

2𝜋
න 𝑑𝑅′ 𝜑 𝑥 +

𝑅′

2
, 𝑡 𝜑∗ 𝑥 −

𝑅′

2
, 𝑡 𝑒−𝑖𝑘𝑅′

= 𝑓𝑊

𝛿 𝑅

න 𝑑𝑥 𝑓𝑊 𝑥, 𝑘 =
1

2𝜋
ඵ 𝑑𝑥𝑑𝑅 𝜑 𝑥 +

𝑅

2
𝜑∗ 𝑥 −

𝑅

2
𝑒−𝑖𝑘𝑅

=
1

2𝜋
ඵ 𝑑𝑥𝑑𝑅

1

2𝜋
ඵ 𝑑𝑘′𝑑𝑘′′

× 𝜑 𝑘′ 𝜑 𝑘′′ 𝑒
𝑖𝑘′ 𝑥+

𝑅
2 𝑒

𝑖𝑘′′ 𝑥−
𝑅
2 𝑒−𝑖𝑘𝑅

= 𝜑 𝑘 𝜑∗ 𝑘 = 𝜑 𝑘 2

= ඵ 𝑑𝑘′𝑑𝑘′′𝜑 𝑘′ 𝜑 𝑘′′

×
1

2𝜋
න 𝑑𝑥 𝑒𝑖 𝑘′−𝑘′′ 𝑥

1

2𝜋
න 𝑑𝑅 𝑒

𝑖𝑅
𝑘′+𝑘′′

2 −𝑘

𝛿
𝑘′ + 𝑘′′

2
− 𝑘

𝛿 𝑘′ − 𝑘′′

𝜑 𝑣 2



𝑓𝑊 𝑥, 𝑘, 𝑡 =
1

2𝜋
න 𝑑𝑟 𝜌 𝑥 +

𝑅

2
, 𝑥 −

𝑅

2
, 𝑡 𝑒−𝑖𝑘𝑅

𝜌 𝑟, 𝑟′, 𝑡 = 𝜑 𝑟, 𝑡 𝜑∗ 𝑟′, 𝑡

𝜕𝜌

𝜕𝑡
=

𝜕𝜑 𝑟,𝑡

𝜕𝑡
𝜑∗ 𝑟′, 𝑡 + 𝜑 𝑟, 𝑡

𝜕𝜑∗ 𝑟′,𝑡

𝜕𝑡

𝑖ℏ
𝜕𝜑

𝜕𝑡
= 𝐻𝜑

𝐻 = −
ℏ2

2𝑚

𝜕2

𝜕𝑟2 + 𝑈 𝑟  

𝑖ℏ
𝜕𝜌

𝜕𝑡
= −

ℏ2

2𝑚

𝜕2𝜑 𝑟, 𝑡

𝜕𝑟2
𝜑∗ 𝑟′, 𝑡 + 𝑈 𝑟 𝜑 𝑟, 𝑡 𝜑∗ 𝑟′, 𝑡

−
ℏ2

2𝑚
𝜑 𝑟, 𝑡

𝜕2𝜑∗ 𝑟′, 𝑡

𝜕𝑟′2
− 𝜑 𝑟, 𝑡 𝑈 𝑟′ 𝜑∗ 𝑟′, 𝑡

= −
ℏ2

2𝑚

𝜕2

𝜕𝑟2
−

𝜕2

𝜕𝑟′2
𝜌 𝑟, 𝑟′, 𝑡 + 𝑈 𝑟 − 𝑈 𝑟′ 𝜌 𝑟, 𝑟′, 𝑡

ቊ
𝑥 = 𝑟 + 𝑟′ /2

𝑅 = 𝑟 − 𝑟′

𝜕2

𝜕𝑟2 −
𝜕2

𝜕𝑟′2 = 2
𝜕2

𝜕𝑥𝜕𝑅

𝜕

𝜕𝑟
=

𝜕𝑥

𝜕𝑟

𝜕

𝜕𝑥
+

𝜕𝑅

𝜕𝑟

𝜕

𝜕𝑅
=

1

2

𝜕

𝜕𝑥
+

𝜕

𝜕𝑅
𝜕

𝜕𝑟′
=

𝜕𝑥

𝜕𝑟′

𝜕

𝜕𝑥
+

𝜕𝑅

𝜕𝑟′

𝜕

𝜕𝑅
=

1

2

𝜕

𝜕𝑥
−

𝜕

𝜕𝑅

𝑖ℏ
𝜕𝜌

𝜕𝑡
= −

ℏ2

2𝑚
2

𝜕2

𝜕𝑥𝜕𝑅
𝜌 𝑥 +

𝑅

2
, 𝑥 −

𝑅

2
, 𝑡

+ 𝑈 𝑥 +
𝑅

2
− 𝑈 𝑥 −

𝑅

2
𝜌 𝑥 +

𝑅

2
, 𝑥 −

𝑅

2
, 𝑡



1

2𝜋
න 𝑑𝑅 𝑖ℏ

𝜕𝜌

𝜕𝑡
𝑒−𝑖𝑘𝑅 =

1

2𝜋
𝑖ℏ

𝜕

𝜕𝑡
න 𝑑𝑅 𝜌𝑒−𝑖𝑘𝑅 = 𝑖ℏ

𝜕𝑓𝑊

𝜕𝑡

𝑖ℏ
𝜕𝜌

𝜕𝑡
= −

ℏ2

2𝑚
2

𝜕2

𝜕𝑥𝜕𝑅
𝜌 𝑥 +

𝑅

2
, 𝑥 −

𝑅

2
, 𝑡

+ 𝑈 𝑥 +
𝑅

2
− 𝑈 𝑥 −

𝑅

2
𝜌 𝑥 +

𝑅

2
, 𝑥 −

𝑅

2
, 𝑡

−
1

2𝜋

ℏ2

𝑚
න 𝑑𝑅

𝜕2𝜌

𝜕𝑥𝜕𝑅
𝑒−𝑖𝑘𝑅 = −𝑖ℏ

ℏ𝑘

𝑚

𝜕𝑓𝑊

𝜕𝑥

1

2𝜋
න 𝑑𝑅 𝑈 𝑥 +

𝑅

2
− 𝑈 𝑥 −

𝑅

2
𝜌𝑒−𝑖𝑘𝑅

=
1

2𝜋
න 𝑑𝑘′ න 𝑑𝑅 𝑈 𝑥 +

𝑅

2
− 𝑈 𝑥 −

𝑅

2
 𝑓𝑊 𝑥, 𝑘′, 𝑡 𝑒−𝑖 𝑘−𝑘′ 𝑅

≈ 𝑖
𝜕𝑈 𝑥

𝜕𝑥

𝜕𝑓𝑊

𝜕𝑘
−

𝑖

24

𝜕3𝑈 𝑥

𝜕𝑥3

𝜕3𝑓𝑊

𝜕𝑘3

𝑈 𝑥 ±
𝑅

2
= 

𝑚=0

∞
±1 𝑚

𝑚!

𝜕𝑚𝑈 𝑥

𝜕𝑥𝑚

𝑅

2

𝑚

𝑈 𝑥 +
𝑅

2
− 𝑈 𝑥 −

𝑅

2
= 2 

𝑚=0

∞
1

(2𝑚 + 1)!

𝜕2𝑚+1𝑈 𝑥

𝜕𝑥2𝑚+1

𝑅

2

2𝑚+1

 ~ 𝑅
𝜕𝑈 𝑥

𝜕𝑥
+

𝑅3

24

𝜕3𝑈 𝑥

𝜕𝑥3



𝑓𝑊 𝑥, 𝑘, 𝑡 =
1

2𝜋
න 𝑑∆ 𝜌 𝑥 +

∆

2
, 𝑥 −

∆

2
, 𝑡 𝑒−𝑖𝑘∆ 𝜌 𝑟, 𝑟′, 𝑡 = 𝜑 𝑟, 𝑡 𝜑∗ 𝑟′, 𝑡

𝑖ℏ
𝜕𝑓𝑊

𝜕𝑡
= −𝑖ℏ

ℏ𝑘

𝑚

𝜕𝑓𝑊

𝜕𝑥
+ 𝑖

𝜕𝑈 𝑥

𝜕𝑥

𝜕𝑓𝑊

𝜕𝑘
−

𝑖

24

𝜕3𝑈 𝑥

𝜕𝑥3

𝜕3𝑓𝑊

𝜕𝑘3

ℏ𝑘 = 𝑝 = 𝑚𝑣

𝜕𝑓𝑊

𝜕𝑡
+

ℏ𝑘

𝑚

𝜕𝑓𝑊

𝜕𝑥
−

1

ℏ

𝜕𝑈 𝑥

𝜕𝑥

𝜕𝑓𝑊

𝜕𝑘
= −

1

24ℏ

𝜕3𝑈 𝑥

𝜕𝑥3
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𝑓𝑊 𝑥, 𝑘, 𝑡 ∈ Re 𝑓𝑊 𝑥, 𝑘, 𝑡 > 0
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