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The standard disk appears in many systems
binary system star formation

active galactic nuclei
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The alpha model for the standard disk

• The framework of the standard disks (geometrically thin and optically thick disks)

was constructed by Shakura & Sunyaev (1973).

• The vertical and radial structures are decoupled due to the timescale difference.

• The vertical structure of an annulus of surface density ⌃ and angular velocity ⌦(r)

is governed by
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Thermal equilibrium curve
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• By solving the vertical structure, the effective temperature T
eff

is obtained as a

function of ⌃, ⌦, and ↵:

T
eff

= T
eff

(⌃;⌦;↵), thermal equilibrium curve

just as the mass-luminosity” relation L = L(M) is obtained for stars from their

internal structures.

• The thermal equilibrium curve Wr� = Wr�(⌃;⌦;↵) also controls time evolution of

the disk in the radial direction.

@⌃

@t
� 1

r

@

@r

✓
2

r⌦

@

@r

�
r2Wr�(⌃;⌦;↵)

�◆
= 0



Standard Disks vs. Stars
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Pojmanski 1986

larger alpha

thermal equilibrium curves 
(M = Msol, r = 1010 cm)

mass-luminosity relation 
 (main sequence stars)

confined by self-gravity

nuclear fusion

confined by external gravity

gz = ≠�2(r)z

“viscous” heating

Q+ = 3
2–�P

角速度Ω（とパラメータα）に依存する



Exploring thermal equilibrium curves by radiation MHD simulations
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Hawley, Gammie & Balbus (1995)

• The discovery of MRI (Balbus & Hawley 1991) and the invention of the shear-
ing box (Hawley, Gammie & Balbus 1995, Matsumoto & Tajima 1995) opened
a path to calculate the thermal equilibrium curves from “first principles”.

• Radiative transfer needs to be solved with magnetohydrodynamics.
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Recipe for computing the thermal equilibrium curves
by radiation MHD simulations

gravity

�⌦2z

emergent flux

F = �
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T 4
off

gas of

amount ⌃
turbulent dissipation

shear rate

d⌦/d r = �3⌦/2

1. Prepare a shearing box of an appropriate size.

2. Set ⌦ (vertical gravity and shear rate) in the box.

3. Put gas of amount ⌃ in the box.

4. Start simulation and wait until it reaches a quasi-

steady state, where turbulent dissipated energy

is exactly radiated away from the box — this is

equivalent to solving the thermal and hydrostatic

balance in the vertical direction.

5. Measure the energy flux F out of the box.

6. Repeat 3 to 5, and compile the results to get

F = F (⌃) (or, T
eff

= T
eff

(⌃)) for the set ⌦.



MRI Dynamo in Local Shearing Box Simulations with Zero Net Flux

MRI in unstratified zero-net-flux tall box 2279

Figure 4. Space–time diagrams of the horizontally averaged azimuthal field By for various runs as labelled. Runs with Lz < 8 H are duplicated 8 (for
x1y4z1r32), 4 (for x1y4z2r32), and 2 (for x1y4z4r32) times, so that the images have the same aspect ratio of run x1y4z8r32. The individual black box shows
the actual box we simulate. Large and structured azimuthal B-field appears when Lz > 2 H.

dynamo action that is triggered in the vertically extended box. Fig. 4
plots a space–time diagram of the horizontally averaged azimuthal
magnetic field in both standard and tall boxes. Patches of strong
By that extend over vertical regions of size ∼H are evident in run
x1y4z4r32, with the sign of the field alternating quasi-periodically
over ∼10–20 orbits. The pattern become even more clear in the pan-
els corresponding to runs x1y4z8r32, x1y4z10r32 and x1y4z12r32
(see especially the middle right panel in Fig. 4). Clearly, a large-
scale dynamo must be operating that generates such strong ordered
toroidal field. The 3D structure of the magnetic field at three dif-
ferent times during one reversal cycle in run x1y4z4r32 is explored
further in Fig. 5. Large-scale (kx = ky = 0 and kz = 1) patterns in
the azimuthal magnetic field form along the azimuthal direction.
Spatially, the field lines flip signs (from red to blue) with height to
conserve the zero-net-flux initial condition. Their orientations also
reverse from one state of coherent structures (top left at t = 200 or-
bits) to another (top right at t = 220 orbits). This result is similar to
the dynamo cycle reported in Lesur & Ogilvie (2008b) (see their fig.
3). However, we emphasize that no explicit dissipation (viscosity
or resistivity) is required to capture the dynamo, nor is it required
to see a converged level of stress.

The large-scale dynamo maintains a time-averaged mean field
⟨⟨B2

/8πP0⟩⟩t ≃ 0.06 for x1y4z4r32 and ≃ 0.13 for x1y4z4r64 and
x1y4z4r128 runs, which amount to ∼40–50 per cent of the total
magnetic energy in the box (see Tables 1 and 2), close to a state of
equalized mean B and turbulent (b) field strength. In contrast, runs
in the standard box do not exhibit strong cyclic dynamo behaviour
(see top-left panel of Fig. 4), and the mean field is rather weak,
⟨⟨B2

/8πP0⟩⟩t ! 0.1⟨⟨b2/8πP0⟩⟩t for x1y4z1r32, and it drops fur-
ther down to ≃2 per cent of the turbulent magnetic energy in run
x1y4z1r128.

Why does dynamo action produce a larger value for the stress
which does not vary with numerical resolution? The large-scale ver-
tical patches of azimuthal magnetic field produced by the dynamo
act locally as a region with net toroidal flux. Thus, each Lz ∼ H
patch acts as an unstratified shearing box with net toroidal field.

As is already known, shearing boxes with net flux produce satu-
rated stress which is independent of resolution (Guan et al. 2009;
Simon & Hawley 2009). As a result of (locally) strong magnetic
field, the saturated Maxwell stress in x1y4z4r128 is αM ≃ 0.0714,
∼31 × greater than that of x1y4z1r128. Of this total, ∼16 per cent
is due to the correlated mean field −BxBy/4π, while the majority
is still from the correlation between the perturbed field components
−bxby/4π (since Bx is still small). In contrast, in the standard-sized
box almost all of the stress is associated with the perturbed field.

We find the stress-to-energy ratio, αmag ≡ ⟨⟨ − 2BxBy⟩⟩t/⟨⟨B2⟩⟩t

≃ 0.27 in the tall box, smaller than in the standard box case in which
αmag ≃ 0.46. A diminished αmag is also observed in simulations with
strong net azimuthal flux (run Y8 in Hawley et al. 1995), where the
imposed azimuthal mean field resembles a subsection of our box
which contains By of the same sign.

3.3 Varying the aspect ratio Lz/Lx: a parameter survey

We now investigate the effect of varying the aspect ratio using Lz/Lx

∈ {0.5, 1, 2, 2.5, 3, 3.5, 4, 6, 8, 10, 12} with fixed size Ly = 4H
and Lx = H in the horizontal dimensions. For each of Lz/Lx, we
also vary the resolution to study numerical convergence. We first
plot the αtot in Fig. 6. This figure clearly demonstrates what may
be our most important result. The data fall into two groups which
show distinctly different behaviour; the two groups are separated
by the vertical dashed line at Lz/Lx ≃ 2.5. For aspect ratios !
2.5 (to the left of the dotted line), the stress decays linearly with
the vertical size Lz. Moreover, at any given aspect ratio, the stress
decreases with increasing numerical resolution as shown by the
decreasing amplitude of the black (32/H), red (64/H) and green
(128/H) points. Clearly the standard box, with Lz/Lx = 1 falls in
this group. In contrast, for aspect ratios Lz/Lx " 2.5 (to the right of
the dotted line), the saturated stress associated with MRI turbulence
appears independent of the vertical size Lz, approaching αtot ∼
0.1. Moreover, numerical convergence in the value of the stress is
achieved for aspect ratios Lz/Lx > 4. For example, for Lz/Lx = 8,

MNRAS 456, 2273–2289 (2016)

Shi, Krolik, & Hirose (2009) Shi, Stone, & Huang (2016)
Stratified simulations Unstratified simulations

• MRIダイナモ：MRIが駆動する磁気乱流の計算では、By（方位角方向磁場）のコヒー
レントな構造（バタフライパターン）が特徴的に現れる 

• このBy反転パターンは、unstratified simulationsでも現れる



Universal value of alpha  
in Stratified Shearing Box Simulations with Zero Net Flux

The Astrophysical Journal, 738:84 (20pp), 2011 September 1 Hawley, Guan, & Krolik

Table 1
Shearing Box Simulations

Reference Zones/H Qz Qy B2
x /B2

y B2
z /B2

x β−1 αmag α

Simon8 (unpub) 8 0.08 1.7 0.016 1.0 0.015 0.08 0.001
Simon16 (unpub) 16 2.0 13. 0.075 0.53 0.057 0.30 0.016
Simon32 32 5.7 27. 0.13 0.53 0.072 0.37 0.025
Simon64 64 11. 44. 0.17 0.53 0.056 0.40 0.020
Davis32 32 4.5 23. 0.12 0.41 0.078 0.33 0.020
Davis64 64 10. 40. 0.16 0.47 0.051 0.36 0.012
Davis128 128 26. 98. 0.18 0.50 0.053 0.36 0.018
ShiSTD 27 4.8 13. 0.10 0.65 0.075 0.27 0.020
ShiZ512 53 11. 13. 0.12 0.56 0.130 0.30 0.029
ShiDBLE 50 15. 32. 0.15 0.63 0.098 0.22 0.029
Guan std16 12.8 2.6 15. 0.07 0.58 0.035 0.28 0.013
Guan s16a 25.6 6.8 34. 0.12 0.58 0.057 0.32 0.023

Figure 2. Ratio of α, the volume-averaged Maxwell and Reynolds stress to
volume-averaged pressure in a set of four stratified shearing box simulations.
The simulations use 8 (lowest solid line), 16 (dotted line), 32 (dashed line), and
64 zones (solid line) per scale height H. The mean α values and plus or minus
one standard deviation computed from 20 to 150 orbits are 0.0020 ± 0.00086,
0.021 ± 0.0085, 0.030 ± 0.010, and 0.024 ± 0.0066 for the 8, 16, 32, and
64 zones per H models.

clearly dies out. Large temporal variations characterize the other
simulations. The stress in the 16 zone run, for example, declines
slowly for the first 50 orbits, but then rises by a factor of three
by orbit 60. The 32 and 64 zone runs maintain a time-averaged
α that is consistent with the initial peak value. The 16 zone
run also varies strongly with time, but with a mean α that is
less than in the 32 zone run. Simon et al. (2011) note that in
unstratified simulations the time-averaged α changes by a larger
amount in going from the 16 to 32 zone resolution than in going
from 32 to 64 zones per H (their Figure 1). In both the Davis
et al. and Shi et al. resolution studies, the smallest number of
cells per scale height was ≃20–30, and there is little change
in α when finer resolutions are employed, including the best-
resolved Davis et al. simulation, in which there are 128 cells per
scale height. In Guan & Gammie (2011) the value of α went
from 0.013 to 0.023 when the resolution of their fiducial model
was doubled, a change from 13 to 26 zones per H in the vertical
direction.

The converged value of α in these stratified shearing boxes is
of order ≃0.02. There are, of course, additional effects beyond
resolution that determine α. As discussed above, resistivity
and viscosity can have a significant impact. At the same
resolution, Simon et al. find consistently larger values of the

stress compared to Davis et al., sometimes by close to a factor
of two. The Simon et al. box is a factor of two larger in both the
x- and z-dimensions. The Guan & Gammie (2011) simulations
also provide some evidence that α can be larger when larger
domains are used. There is evidence from unstratified shearing
boxes that taller boxes also promote a stronger magnetic field (J.
Stone 2010, private communication). The Shi et al. simulations,
in which the equation of state directly balances heating and
radiative cooling, suggest that α may be somewhat larger when
more realistic thermodynamics are employed.

Even using the local shearing box, few simulations are carried
out with resolutions as fine as 128 cells per scale height, so in
practice one often asks the question, “In this particular simu-
lation with only modest resolution, how close is the measured
value of stress to the numerically converged value?” Because
high-resolution simulations can be very expensive in computer
time, it is useful to define the metrics of simulation quality that
can be calibrated to a set of standard simulations and then ap-
plied to the data of a new simulation. In this way, how close
that simulation comes to convergence may be estimated without
the expense of additional, higher resolution simulations. In the
remainder of this section, we discuss several such quantities.

3.1. Convergence Metric 1: Qz

The first such metric comes from the linear theory of the
MRI. Noble et al. (2010) used the vertical field characteristic
MRI wavelength to compute a quality parameter Qz defined by

Qz = λMRI/∆z = 2π |vaz|
Ω∆z

, (10)

where vaz is the z-component of the Alfvén speed. The charac-
teristic wavelength λMRI is close to, but not precisely equal to, the
fastest-growing MRI wavelength. Wavelengths λ < λMRI/

√
3

are stable, while all wavelengths λ > λMRI are unstable, albeit
with reduced growth rates ∝ (k · vaz). On the basis of unstrati-
fied shearing box simulations, Sano et al. (2004) suggested that
a Qz value greater than 6 was required in order to achieve a
linear growth rate close to the analytic prediction. Considering
an isothermal thin disk with only vertical field in the initial con-
dition, λMRI can be rewritten in terms of the plasma β by noting
that β = 2ρH 2Ω2/B2, and hence λMRI = 2πHβ−1/2|Bz|/|B|.
Thus, a value of Qz of ∼10 requires 1.6β1/2 zones per H when
the field is purely vertical; when the field has any other sort of
geometry, β in this expression should be scaled by the fraction
of the field energy in the vertical component, giving a zone total

5

Hawley, Guan, & Krolik (2011)

α ~ 0.01 - 0.03

radiative transfer 
 (FLD)

• 成層したシアリングボックスでは、MRI磁気乱流における（時間・空間平均した）
αは、シミュレーションコードや熱力学（等温 or FLD）、解像度に依らず、ユニ
バーサルな値0.01~0.03になる
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第一原理計算から求まる標準降着円盤の「熱平衡曲線」
軌道周波数Ωごとに、典型的な温度が異なり、それにより、熱平衡曲線の形に関わる物理が異なる



矮新星降着円盤（磁気乱流と熱対流の相互作用）
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light curve of dwarf nova SS Cyg

• A thermal equilibrium curve is S-shaped around T ⇠ 104 K, and a limit cycle is

expected, switching between hot and cool states.

• DIMs that explain dwarf nova outbursts as the thermal-viscous limit cycle have

been successful.

矮新星の（αモデルに基づく）円盤不安定モデル
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円盤不安定モデルと観測との比較からα値を推定

• –値は円盤の定常状態に関与しないため、–値を知るには時間変動現象が必要
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• アウトバースト減衰のモデリングと観測との比較から –
hot
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• アウトバーストのマグニチュードを説明するには –
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したがって –
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MRIは本当に降着円盤の乱流の起源なのか？

Smak (1999)

Vol. 49 399

using data from Warner (1995, Tables 3.1–3.3). As in the case of outburst widths
(Section 5), we begin by assuming a linear relation:

orb 9

Formal fit, again with orb expressed in hours, gives 0 38 0 02 with a
dispersion 0 54. This value of is identical with the original value
obtained by Bailey (1975) from a much smaller sample.

Fig. 3. The rate of decline vs. the orbital period relation. Crosses are observational data from Warner
(1995). Filled squares and triangles are model data with 0 2 for Type A and Type B outbursts,
respectively.

In a more general case we can assume

orb 10

Formal fit in this case gives: 0 61 0 07, 0 71 0 09, with a dis-
persion 0 48. These values are slightly different from those obtained by
Warner (1995, Eq. 3.5), due mostly to the fact that in his fit he included objects
with periods longer than 10 h. Again, as in Section 5, we note a good agreement
with predicted by Eq. (6).
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In a more general case we can assume

orb 10

Formal fit in this case gives: 0 61 0 07, 0 71 0 09, with a dis-
persion 0 48. These values are slightly different from those obtained by
Warner (1995, Eq. 3.5), due mostly to the fact that in his fit he included objects
with periods longer than 10 h. Again, as in Section 5, we note a good agreement
with predicted by Eq. (6).

rate of decline of outburst 
vs. orbital period

model (α_hot = 0.2)
observation+

• アウトバーストの減衰から推定したαhot = 0.1 ~ 0.2は、MRIの典型値0.01 ~ 0.03
と有意に異なる（King et al. 2007, Kotko & Lasota 2012）


• ただし、これまでのMRI計算では、等温あるいは単純な熱力学を仮定していた

A&A 545, A115 (2012)

used by S99; for example the input parameters are different2,
and in our code the adaptive grid enables high resolution of the
fronts. Such differences should not affect modelling of the decay
phase of the outburst.

When measuring τdec of the outbursts for a wide range of
model parameters, one has to pay attention to several problems:

(a) For large discs (Rd,max > 5.0 × 1010 cm) and high primary
masses (M1 > 1 M⊙), so-called “reflares” appear during the
decline from maximum. They are an indication of the cool-
ing and heating front reflections in the disc, where the sur-
face density is close to its critical value (for details see e.g.
Menou et al. 2000; Dubus et al. 2001). In this case the model
outburst cannot be considered as normal.

(b) In large discs and for high values of αh , inside-out heating
fronts may not be able to propagate up to the outer disc edge
because such values of the viscosity parameter decrease the
value of Σ+crit (see the formulae in Appendix A) and, with in-
creasing R, increase the possibility of a cooling front forming
right behind the heating front. In this case the cooling front
will start at R ≪ Rd,max and the decay rate will not be con-
nected with the actual radial extent of the disc.

(c) Models with the same parameters except for αh have differ-
ent stability limits.

The above-mentioned DIM properties have their reflection in
the distribution of the model points in Fig. 1. For large Rd,max
models with higher αh tend to deviate more from the empirical
taud-Rd,max relation.

Linear fits to the τdec = AαRd,max relation obtained for the
models with different αh give

1. A0.05 = 1.624 ± 0.235 for αh = 0.05;
2. A0.1 = 0.525 ± 0.128 for αh = 0.1;
3. A0.2 = 0.338 ± 0.036 for αh = 0.2;
4. A0.3 = 0.151 ± 0.031 for αh = 0.3.

The coefficients Aα show a clear tendency to decrease when a
higher αh is set in the model. The comparison with A1 obtained
from the fits to empirical data shows that αh∈ [0.1, 0.2], with no
unambiguous preference for one of these values, thus confirming
conclusions obtained by S99.

SU UMa-type stars and their superoutbursts provide another
piece of interesting information. The decay from superoutburst
may be divided into at least two phases – the plateau and fast
decay phases. According to the enhanced mass-transfer (EMT)
model (Kotko et al. 2012; Smak 2008, 2009a,b,c,d), during the
plateau phase the slow decline of the system luminosity is caused
by accretion-driven depletion of the excess matter provided by
the enhanced mass transfer from the secondary. This phase ends
when a cooling front forms, and so the following fast decline is
caused by the mechanism producing normal outbursts.

Based on this, we measured τdec during the fast decay phase
of SU UMa superoutbursts and found that they are approxi-
mately the same as the τdec measured for their normal outbursts.
The same is true of superoutbursts and normal outbursts in the
models calculated with the prescription for the Ṁtr enhancement
given in Hameury et al. (1997). The decay time in the fast de-
cline phase was measured as the time interval between the time

2 S99 uses M1 and M2 (which define the orbital period of a semi-
detached binary system) as the input parameters and the mean disc
radius ⟨Rd⟩, while in the Hameury et al. (1998) code, the input is M1
and ⟨Rd⟩. Smak defines only one value of α, while we take as the input
parameters both αh and αc.
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Fig. 1. The τdec–Rd,max relation. Filled symbols: U Gem-type systems
(circles), normal outbursts of SU UMa-type systems (diamonds), and
PTF1J0719 (square). Open symbols: models with αh = 0.1 (circles),
αh = 0.2 (squares), αh = 0.3 (triangles). The dotted line - linear fit to
the observational data (filled symbols) in the form τdec = A1Rd,max, with
A1 = 0.48. (For the sake of clarity models with αh = 0.05 were not
plotted.)

the system luminosity was 1 mag below the start of the decline
phase to the time when the system was 2 mag below it.

This conclusion is very promising in the context of evalu-
ating αh in AM CVn stars. As already mentioned, the normal
outbursts in AM CVn stars are rarely detected, and the outburst
cycle is dominated by superoutbursts. However, with well ob-
served, fast decay phases of the superoutbursts in AM CVn stars,
it will be possible to estimate αh in helium-dominated discs more
precisely. Unfortunately the currently available data are not of
sufficient quality to permit such investigations.

3.2. The outburst width – orbital period relation

van Paradijs (1983) showed that there exists a positive corre-
lation between the outburst width W and the orbital period but
concluded that narrow and wide outbursts should be considered
separately.

To consistently determine the outburst width in various sys-
tems, the magnitude level at which it is measured has to be de-
fined. Following van Paradijs (1983) S99 defines W as the time
interval during which the system luminosity is above the level
set at 2 mag below the outburst maximum.

Using data from van Paradijs (1983), S99 finds the coeffi-
cients for

– the linear dependence in the form W = CW,S99Porb: CW,S99 =
1.39 ± 0.06;

– the non-linear dependence in the form W = CW,S99Porb
βS99 :

C1
W,S99 = 2.01 ± 0.29 and βS99 = 0.78 ± 0.11.

Since, as in S99, we find the linear fit to be of superior quality,
in what follows we do not use the non-linear fitting formula. We
also only use narrow outbursts as “generic” normal outbursts.
The linear fit to our data (18 systems) gives CW = 0.99 ± 0.12,
so the agreement with S99 is not as good as for the decay times.

The analogous procedure applied to different subsets of our
data gives

– for U Gem stars from Ak et al. (2002) only: CW = 0.79 ±
0.07;

A115, page 4 of 9

Kotko & Lasota (2012)

model (α_hot = 0.2)
observation

rate of decline of outburst 
vs. R_disk



The Astrophysical Journal, 787:1 (14pp), 2014 May 20 Hirose et al.
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Figure 1. Non-ideal EOS computed from Saha equations: Gas temperature (A), generalized adiabatic index Γ1 ≡ (∂ ln p/∂ ln ρ)s (B), ionization fraction (C), and
pressure (D) as a function of specific energy density e/ρ (erg g−1) and mass density ρ (g cm−3).
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sub-grid numerical dissipation. The numerically dissipated
energy is captured in the form of additional internal energy
in the gas, effectively resulting in an additional term Qdiss in the
gas energy equation (3). To accomplish this, the original ZEUS
algorithm is modified so as to conserve total energy (Turner
et al. 2003; Hirose et al. 2006).

During the simulations, we employ a density floor of 10−6 of
the initial midplane density to avoid very small time steps. We
also employ a small internal energy floor for numerical stability

(Hirose et al. 2006). The total artificial energy injection rate
associated with these floors and numerical errors in the implicit
solver is generally less than ∼1% of the cooling/heating rates
of the final steady state.

2.4. Initial Conditions

The initial conditions within the disk photosphere are deter-
mined as follows: first, the vertical profiles of mass density ρ(z),
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sub-grid numerical dissipation. The numerically dissipated
energy is captured in the form of additional internal energy
in the gas, effectively resulting in an additional term Qdiss in the
gas energy equation (3). To accomplish this, the original ZEUS
algorithm is modified so as to conserve total energy (Turner
et al. 2003; Hirose et al. 2006).

During the simulations, we employ a density floor of 10−6 of
the initial midplane density to avoid very small time steps. We
also employ a small internal energy floor for numerical stability

(Hirose et al. 2006). The total artificial energy injection rate
associated with these floors and numerical errors in the implicit
solver is generally less than ∼1% of the cooling/heating rates
of the final steady state.

2.4. Initial Conditions

The initial conditions within the disk photosphere are deter-
mined as follows: first, the vertical profiles of mass density ρ(z),
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S-shaped thermal equilibrium curve obtained from first principles
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Enhancement of alpha
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Figure 1. Horizontally averaged azimuthal magnetic field ⟨By⟩ (left frames), and 1 orbit smoothed horizontally averaged vertical Poynting flux {⟨FPoynt,z⟩}t

(right frames) as a function of time and height for a radiative simulation (ws0429, top frames) and a simulation that exhibits convective epochs (ws0446,
bottom frames). For the Poynting flux frames, we have purposely allowed some of the data to lie outside the colour bar range (which then shows up as saturated
regions) in order to increase the colour contrast in the mid-plane regions. The normalizations indicated in the vertical axes are the respective simulation length
units. The dashed black lines show the time-dependent heights of the photospheres in the horizontally averaged structures. For simulation ws0446, which
exhibits convection, the convective fraction fconv − 2 (see equation 2) is plotted in magenta. Note that fconv − 2 uses the same vertical scale as By, i.e. when the
magenta line is near −1 then fconv ≈ 1. Focusing on By, the radiative simulation ws0429 shows the standard pattern of field reversals normally associated with
the butterfly diagram. In simulation ws0446 where fconv is high, the field maintains its sign and all changes in sign/parity are associated with a dip in fconv.

convection seeds the axisymmetric MRI, albeit in a medium that is
already turbulent. In addition, the phase lag between stress build up
and heating that causes pressure to build up also contributes to an
enhancement of the alpha parameter. The mere presence of vertical
hydrodynamic convection is not sufficient to enhance the alpha pa-
rameter, however; the Mach number of the convective motions also
has to be sufficiently high, and in fact the alpha parameter appears
to be better correlated with the Mach number of the convective
motions than with the fraction of heat transport that is carried by
convection (Hirose 2015).

Hydrodynamic convection does not simply enhance the turbu-
lent stress to pressure ratio, however. It also fundamentally alters
the character of the MRI dynamo. In the standard weak-field MRI,
vertically stratified shearing box simulations exhibit quasi-periodic
field reversals of the azimuthal magnetic field (By) with periods of
∼10 orbits (Brandenburg et al. 1995; Davis, Stone & Pessah 2010).
These reversals start near the mid-plane and propagate outward
making a pattern (see top-left panel of Fig. 1 below) that resembles
a time inverse of the solar sunspot butterfly diagram. The means by
which these field reversals propagate away from the mid-plane is
likely the buoyant advection of magnetic flux tubes (Gressel 2010),
and many studies have also suggested that magnetic buoyancy is im-
portant in accretion discs (e.g. Galeev, Rosner & Vaiana 1979; Bran-
denburg & Schmitt 1998; Miller & Stone 2000; Hirose, Krolik &
Stone 2006; Davis et al. 2010; Blaes et al. 2011). Magnetic buoyancy
is consistent with the Poynting flux that tends to be oriented out-
wards (see top-right panel of Fig. 1), and we give further evidence
supporting this theory below. While this explains how field reversals
propagate through the disc, it does not explain how these magnetic
field reversals occur in the first place, and despite numerous dynamo

models there is currently no consensus on the physical mechanism
driving the reversals (e.g. Brandenburg et al. 1995; Gressel 2010;
Shi, Krolik & Hirose 2010; Squire & Bhattacharjee 2015; Shi,
Stone & Huang 2016).

However, in the presence of convection, the standard pattern of
azimuthal field reversals is disrupted. Periods of convection appear
to be characterized by longer term maintenance of a particular az-
imuthal field polarity, and this persistent polarity can be of even
(Bodo et al. 2015) or odd parity with respect to the disc mid-plane.
As we discuss in this paper, the simulations of Hirose et al. (2014)
also exhibit this pattern of persistent magnetic polarity during the
intermittent periods of convection, but the field reversals associated
with the standard butterfly diagram return during the episodes of
radiative diffusion (see Fig. 1 below). Here, we exploit this inter-
mittency to try and understand the cause of the persistent magnetic
polarity in the convective episodes. We demonstrate that this is due
to hydrodynamic mixing of magnetic field from strongly magne-
tized regions at high altitude back towards the mid-plane.

This paper is organized as follows. In Section 2, we discuss
the butterfly diagram in detail and how it changes character when
convection occurs. In Section 3, we describe magnetic buoyancy and
the role it plays in establishing the butterfly diagram, and the related
thermodynamics. We explain how convection acts to alter these
effects in Section 4. The implications of this work are discussed in
Section 5 and our results are summarized in Section 6.

2 TH E BU T T E R F LY D I AG R A M

To construct the butterfly diagram and explore its physical ori-
gin, it is useful to define the following quantities related to some

MNRAS 467, 2625–2635 (2017)
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Figure 1. Horizontally averaged azimuthal magnetic field ⟨By⟩ (left frames), and 1 orbit smoothed horizontally averaged vertical Poynting flux {⟨FPoynt,z⟩}t

(right frames) as a function of time and height for a radiative simulation (ws0429, top frames) and a simulation that exhibits convective epochs (ws0446,
bottom frames). For the Poynting flux frames, we have purposely allowed some of the data to lie outside the colour bar range (which then shows up as saturated
regions) in order to increase the colour contrast in the mid-plane regions. The normalizations indicated in the vertical axes are the respective simulation length
units. The dashed black lines show the time-dependent heights of the photospheres in the horizontally averaged structures. For simulation ws0446, which
exhibits convection, the convective fraction fconv − 2 (see equation 2) is plotted in magenta. Note that fconv − 2 uses the same vertical scale as By, i.e. when the
magenta line is near −1 then fconv ≈ 1. Focusing on By, the radiative simulation ws0429 shows the standard pattern of field reversals normally associated with
the butterfly diagram. In simulation ws0446 where fconv is high, the field maintains its sign and all changes in sign/parity are associated with a dip in fconv.

convection seeds the axisymmetric MRI, albeit in a medium that is
already turbulent. In addition, the phase lag between stress build up
and heating that causes pressure to build up also contributes to an
enhancement of the alpha parameter. The mere presence of vertical
hydrodynamic convection is not sufficient to enhance the alpha pa-
rameter, however; the Mach number of the convective motions also
has to be sufficiently high, and in fact the alpha parameter appears
to be better correlated with the Mach number of the convective
motions than with the fraction of heat transport that is carried by
convection (Hirose 2015).

Hydrodynamic convection does not simply enhance the turbu-
lent stress to pressure ratio, however. It also fundamentally alters
the character of the MRI dynamo. In the standard weak-field MRI,
vertically stratified shearing box simulations exhibit quasi-periodic
field reversals of the azimuthal magnetic field (By) with periods of
∼10 orbits (Brandenburg et al. 1995; Davis, Stone & Pessah 2010).
These reversals start near the mid-plane and propagate outward
making a pattern (see top-left panel of Fig. 1 below) that resembles
a time inverse of the solar sunspot butterfly diagram. The means by
which these field reversals propagate away from the mid-plane is
likely the buoyant advection of magnetic flux tubes (Gressel 2010),
and many studies have also suggested that magnetic buoyancy is im-
portant in accretion discs (e.g. Galeev, Rosner & Vaiana 1979; Bran-
denburg & Schmitt 1998; Miller & Stone 2000; Hirose, Krolik &
Stone 2006; Davis et al. 2010; Blaes et al. 2011). Magnetic buoyancy
is consistent with the Poynting flux that tends to be oriented out-
wards (see top-right panel of Fig. 1), and we give further evidence
supporting this theory below. While this explains how field reversals
propagate through the disc, it does not explain how these magnetic
field reversals occur in the first place, and despite numerous dynamo

models there is currently no consensus on the physical mechanism
driving the reversals (e.g. Brandenburg et al. 1995; Gressel 2010;
Shi, Krolik & Hirose 2010; Squire & Bhattacharjee 2015; Shi,
Stone & Huang 2016).

However, in the presence of convection, the standard pattern of
azimuthal field reversals is disrupted. Periods of convection appear
to be characterized by longer term maintenance of a particular az-
imuthal field polarity, and this persistent polarity can be of even
(Bodo et al. 2015) or odd parity with respect to the disc mid-plane.
As we discuss in this paper, the simulations of Hirose et al. (2014)
also exhibit this pattern of persistent magnetic polarity during the
intermittent periods of convection, but the field reversals associated
with the standard butterfly diagram return during the episodes of
radiative diffusion (see Fig. 1 below). Here, we exploit this inter-
mittency to try and understand the cause of the persistent magnetic
polarity in the convective episodes. We demonstrate that this is due
to hydrodynamic mixing of magnetic field from strongly magne-
tized regions at high altitude back towards the mid-plane.

This paper is organized as follows. In Section 2, we discuss
the butterfly diagram in detail and how it changes character when
convection occurs. In Section 3, we describe magnetic buoyancy and
the role it plays in establishing the butterfly diagram, and the related
thermodynamics. We explain how convection acts to alter these
effects in Section 4. The implications of this work are discussed in
Section 5 and our results are summarized in Section 6.

2 TH E BU T T E R F LY D I AG R A M

To construct the butterfly diagram and explore its physical ori-
gin, it is useful to define the following quantities related to some
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∼10 orbits (Brandenburg et al. 1995; Davis, Stone & Pessah 2010).
These reversals start near the mid-plane and propagate outward
making a pattern (see top-left panel of Fig. 1 below) that resembles
a time inverse of the solar sunspot butterfly diagram. The means by
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However, in the presence of convection, the standard pattern of
azimuthal field reversals is disrupted. Periods of convection appear
to be characterized by longer term maintenance of a particular az-
imuthal field polarity, and this persistent polarity can be of even
(Bodo et al. 2015) or odd parity with respect to the disc mid-plane.
As we discuss in this paper, the simulations of Hirose et al. (2014)
also exhibit this pattern of persistent magnetic polarity during the
intermittent periods of convection, but the field reversals associated
with the standard butterfly diagram return during the episodes of
radiative diffusion (see Fig. 1 below). Here, we exploit this inter-
mittency to try and understand the cause of the persistent magnetic
polarity in the convective episodes. We demonstrate that this is due
to hydrodynamic mixing of magnetic field from strongly magne-
tized regions at high altitude back towards the mid-plane.

This paper is organized as follows. In Section 2, we discuss
the butterfly diagram in detail and how it changes character when
convection occurs. In Section 3, we describe magnetic buoyancy and
the role it plays in establishing the butterfly diagram, and the related
thermodynamics. We explain how convection acts to alter these
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Figure 1. Horizontally averaged azimuthal magnetic field ⟨By⟩ (left frames), and 1 orbit smoothed horizontally averaged vertical Poynting flux {⟨FPoynt,z⟩}t

(right frames) as a function of time and height for a radiative simulation (ws0429, top frames) and a simulation that exhibits convective epochs (ws0446,
bottom frames). For the Poynting flux frames, we have purposely allowed some of the data to lie outside the colour bar range (which then shows up as saturated
regions) in order to increase the colour contrast in the mid-plane regions. The normalizations indicated in the vertical axes are the respective simulation length
units. The dashed black lines show the time-dependent heights of the photospheres in the horizontally averaged structures. For simulation ws0446, which
exhibits convection, the convective fraction fconv − 2 (see equation 2) is plotted in magenta. Note that fconv − 2 uses the same vertical scale as By, i.e. when the
magenta line is near −1 then fconv ≈ 1. Focusing on By, the radiative simulation ws0429 shows the standard pattern of field reversals normally associated with
the butterfly diagram. In simulation ws0446 where fconv is high, the field maintains its sign and all changes in sign/parity are associated with a dip in fconv.

convection seeds the axisymmetric MRI, albeit in a medium that is
already turbulent. In addition, the phase lag between stress build up
and heating that causes pressure to build up also contributes to an
enhancement of the alpha parameter. The mere presence of vertical
hydrodynamic convection is not sufficient to enhance the alpha pa-
rameter, however; the Mach number of the convective motions also
has to be sufficiently high, and in fact the alpha parameter appears
to be better correlated with the Mach number of the convective
motions than with the fraction of heat transport that is carried by
convection (Hirose 2015).

Hydrodynamic convection does not simply enhance the turbu-
lent stress to pressure ratio, however. It also fundamentally alters
the character of the MRI dynamo. In the standard weak-field MRI,
vertically stratified shearing box simulations exhibit quasi-periodic
field reversals of the azimuthal magnetic field (By) with periods of
∼10 orbits (Brandenburg et al. 1995; Davis, Stone & Pessah 2010).
These reversals start near the mid-plane and propagate outward
making a pattern (see top-left panel of Fig. 1 below) that resembles
a time inverse of the solar sunspot butterfly diagram. The means by
which these field reversals propagate away from the mid-plane is
likely the buoyant advection of magnetic flux tubes (Gressel 2010),
and many studies have also suggested that magnetic buoyancy is im-
portant in accretion discs (e.g. Galeev, Rosner & Vaiana 1979; Bran-
denburg & Schmitt 1998; Miller & Stone 2000; Hirose, Krolik &
Stone 2006; Davis et al. 2010; Blaes et al. 2011). Magnetic buoyancy
is consistent with the Poynting flux that tends to be oriented out-
wards (see top-right panel of Fig. 1), and we give further evidence
supporting this theory below. While this explains how field reversals
propagate through the disc, it does not explain how these magnetic
field reversals occur in the first place, and despite numerous dynamo

models there is currently no consensus on the physical mechanism
driving the reversals (e.g. Brandenburg et al. 1995; Gressel 2010;
Shi, Krolik & Hirose 2010; Squire & Bhattacharjee 2015; Shi,
Stone & Huang 2016).

However, in the presence of convection, the standard pattern of
azimuthal field reversals is disrupted. Periods of convection appear
to be characterized by longer term maintenance of a particular az-
imuthal field polarity, and this persistent polarity can be of even
(Bodo et al. 2015) or odd parity with respect to the disc mid-plane.
As we discuss in this paper, the simulations of Hirose et al. (2014)
also exhibit this pattern of persistent magnetic polarity during the
intermittent periods of convection, but the field reversals associated
with the standard butterfly diagram return during the episodes of
radiative diffusion (see Fig. 1 below). Here, we exploit this inter-
mittency to try and understand the cause of the persistent magnetic
polarity in the convective episodes. We demonstrate that this is due
to hydrodynamic mixing of magnetic field from strongly magne-
tized regions at high altitude back towards the mid-plane.

This paper is organized as follows. In Section 2, we discuss
the butterfly diagram in detail and how it changes character when
convection occurs. In Section 3, we describe magnetic buoyancy and
the role it plays in establishing the butterfly diagram, and the related
thermodynamics. We explain how convection acts to alter these
effects in Section 4. The implications of this work are discussed in
Section 5 and our results are summarized in Section 6.

2 TH E BU T T E R F LY D I AG R A M

To construct the butterfly diagram and explore its physical ori-
gin, it is useful to define the following quantities related to some
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熱対流による下降流により 
上層の磁場反転が抑止される

磁場反転

上層の磁場反転は 
磁気浮力による磁束輸送による

磁場反転



まとめ：矮新星降着円盤（磁気乱流と熱対流の相互作用）

1. 観測から矮新星アウトバースト期のα値は0.1~0.2と推定される。こ
の値は、MRI数値計算から得られるα値0.01~0.03と有意に異なる。 

2. 高温ブランチの端（アウトバースト期の終わり）では、熱対流によ
る垂直磁場の増幅と、熱対流による冷却効率の増幅により、MRIの
飽和値が高められる（α ~ 0.12） 

3. 熱対流の下降流により、MRIダイナモの特徴であるバタフライダイ
アグラムの磁場反転が抑止される。



原始惑星系円盤（自己重力による乱流と分裂条件）



降着円盤における重力不安定
• 回転と自己重力を考慮した音波の分散関係式 (Toomre 1964)
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Figure 6. Comparison of the minimum mass solar nebula (MMSN) and
‘minimum mass exoplanet nebulae’ (MMEN) with the mass distributions
of protoplanetary discs. The orange bar indicates the mass range for the
MMSN and MMEN. Solid lines plot the mass distributions of the discs in
class I protostars (‘And I’, upper violet curve), class II sources (‘And IIs’,
middle cyan curve), and class II+III sources (‘And IIw’, lower red curve).
The MMSN and MMEN lie well above the median disc mass of the class II
and class II+III distributions.

in solids contained in the planets is roughly 25–45 M⊕. Recent
numerical simulations require an additional 30 M⊕ of solids to
stabilize the orbits of the gas giants in their current architecture
(e.g. Morbidelli 2013, and references therein). This Nice model
therefore requires a minimum initial solid disc mass of roughly
55–75 M⊕ (see also Desch 2007; Dawson & Murray-Clay 2012) –
about twice the mass of the planets – to produce what we think of
as a ‘typical’ planetary system without a substantial debris disc.

Fig. 6 illustrates the impact of inefficient planet formation. More
than 40 per cent of the class II discs (30 per cent of class II+III
discs) have masses larger than the most minimal MMSN (25 M⊕).
This minimal MMSN is therefore fairly typical. However, allowing
for the maximum core masses of the gas giants and the inefficiency
of the Nice model, fewer than 15 per cent of the class II discs have
sufficient mass (75 M⊕) to produce the planets in the Solar system.
The Solar system is then very atypical.

A similar picture arises in models for the formation of the known
exoplanets (e.g. Ida & Lin 2008a,b). In their studies of exoplanets
within 1 au of their host stars, Hansen & Murray (2012, 2013) and
Chiang & Laughlin (2013) explore the disc surface density distri-
butions required to build the known exoplanet populations in situ.
Raymond & Cossou (2014) consider whether the exoplanet popu-
lations form at larger distances and then migrate inwards to their
current locations. In either approach, the masses required for these
‘minimum mass exosolar nebulae’ are within the range outlined for
the MMSN in Fig. 6. The large masses invoked in these scenarios
draw from the upper 10–15 per cent (Hansen & Murray 2012, 2013;
Raymond & Cossou 2014) or upper 35 per cent (Chiang & Laughlin
2013) of class II disc masses.

5.3 When does planet formation begin?

One way to resolve the discrepancy between the solid masses in
planetary systems and single-star class II discs is to consider the
possibility that the submillimetre disc masses are not ‘primordial’
(e.g. Greaves & Rice 2010; Vorobyov 2011; Williams 2012). If

the dust distribution evolves significantly on time-scales of a few
Myr, current measurements underestimate the true solid reservoirs
available for planet formation. Because the inner disc is optically
thick, concentrating mm–cm-sized solids in the inner disc hides
them from submillimetre telescopes. Alternatively, growing solids
to km or larger sizes throughout the disc prevents detection. Either
explanation implies that more than 50 per cent of the solids in class
II discs are already locked up in large particles or are sequestered
at small disc radii (or both).

Current data allow either possibility. If small solids are se-
questered inside a few au, then the disc has a steep surface density
distribution, ! ∝ a−p, with large p. Gas drag and other physical pro-
cesses naturally concentrate grains in the disc (Nakagawa, Sekiya
& Hayashi 1986; Youdin & Chiang 2004; Brauer, Dullemond &
Henning 2008; Birnstiel et al. 2010; Birnstiel, Andrews & Ercolano
2012; Laibe, Gonzalez & Maddison 2012; Pinte & Laibe 2014),
leading to configurations with p ≥ 1.5 (Birnstiel & Andrews 2014;
Laibe 2014). Observationally, the value of p is not well constrained.
Although initial interferometric observations were interpreted as
evidence for p ≈ 1 for some T Tauri discs (Andrews et al. 2010),
subsequent multiwavelength studies (Pérez et al. 2012) demonstrate
real variations in the grain size distribution with radius that make it
difficult to constrain p with existing observations (Andrews, private
communication).

The growth of solids throughout class II discs is also plausi-
ble. Inside 30 au, the time-scale for the growth and radial drift of
cm-sized particles is short (Rafikov 2003; Rice et al. 2004, 2006;
Youdin & Chiang 2004; Clarke & Lodato 2009; Birnstiel et al.
2010, 2012; Windmark et al. 2012; Garaud et al. 2013; Laibe 2014).
Some ∼90 per cent of the small solid particles in the inner 30 au
can be converted into cm-sized or larger pebbles on time-scales of
1–3 × 104 yr (Birnstiel et al. 2010, 2012). Although agglomera-
tion into larger and larger objects may be possible (see Rice et al.
2006; Clarke & Lodato 2009; Windmark et al. 2012; Garaud et al.
2013, and references therein), recent studies focus on models where
small solid particles drift radially inward and concentrate in local
pressure maxima (e.g. Dittrich, Klahr & Johansen 2013, and ref-
erences therein). When the local gas-to-dust ratio reaches values
above unity, streaming instabilities concentrate pebbles into aggre-
gates which collapse gravitationally into much larger planetesimals
(e.g. Youdin & Goodman 2005; Johansen et al. 2007; Johansen,
Youdin & Mac Low 2009; Youdin 2011a). These planetesimals
rapidly accrete the pebbles, evolving into 1–10 M⊕ protoplanets
on time-scales ≤1–3 Myr, comparable to the ages of Taurus–Auriga
T Tauri stars (e.g. Rafikov 2005; Ormel & Klahr 2010; Bromley &
Kenyon 2011; Lambrechts & Johansen 2012; Chambers 2014).

There is independent evidence for rapid planetesimal formation in
the Solar system, based on radiometric analyses of meteorites (e.g.
Bizzarro et al. 2005; Kleine et al. 2009; Schulz et al. 2009; Dauphas
& Chaussidon 2011; Dauphas & Pourmand 2011; Sugiura & Fu-
jiya 2014). The elemental abundances of the oldest Solar system
objects – the mm–cm-sized calcium aluminum inclusions (CAIs) –
indicate that these objects formed on time-scales ≤0.1 Myr during
a period when the Sun emitted copious high-energy particles and
X-rays. Studies place the epoch of CAI formation during the late
class I or early class II phase (Dauphas & Chaussidon 2011), with
CAIs accumulating into differentiated planetesimals in the next ∼1–
10 Myr (Kleine et al. 2009; Dauphas & Chaussidon 2011). Thus,
the meteoritic record implies that planetesimal formation was well
underway at the onset of the class II phase of Solar system history.

Our conclusions expand on previous results derived from com-
parisons of the disc and exoplanet mass distributions (Greaves &

MNRAS 445, 3315–3329 (2014)
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class I
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class III

0.06 < Mdisk

Mstar

原始惑星系円盤質量の時間進化
• 初期段階では、ある程度の割合の原始惑星系円盤が、自己重力の影響が
無視できない質量を持つことが推定される
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Figure 1
(a) A 3D isothermal simulation from the parameter studies of Kratter et al. (2010a), where Md/M∗ ≈ 0.5.
The strong left-right asymmetry is evidence of a dominant m = 1 mode. (b) A 3D simulation from Cossins
et al. (2009) with slow cooling, where Md/M∗ ≈ 0.1. Note the dominance of high m spiral structure.
Reproduced by permission of the AAS.

unstable modes is never initiated on scales ≪H . These results imply that gravito-turbulence
extends over a very small range of length scales. Additionally, there is no obvious indication of
an energy cascade with dissipation occurring on the smallest scales. On the contrary, in global,
thin-disk simulations, Cossins et al. (2009) find that mode dissipation occurs through large-scale,
almost sonic shocks. In this respect, the dynamics introduced by local GI is not akin to what one
usually calls turbulence. Morphologically, structures in shearing box simulations look more like
turbulence than the high m, tightly wound spirals seen in global simulations. This might be an
artifact of the shearing sheet/box approximation but merits further investigation. Whether gravito-
turbulence shares properties with isotropic, isothermal turbulence has important implications for
fragmentation, as we discuss in Section 3.8.

3.3.2. Large H/r. As the mass of the disk is increased, the disk becomes unstable at larger values
of H/r and higher values of Q, as predicted from the Lau & Bertin (1978) dispersion relation. Once
the disk-star mass ratio increases above ≈0.1, the evolution of the instability changes character
somewhat, transitioning from quasi-stationary spiral structures to recurrent strong episodes of
spiral activity, followed by brief quiescent phases. This behavior has been observed in a range of
simulations including isolated disks with adiabatic equations of state with and without optically
thin cooling (Laughlin et al. 1997, Tsuribe & Inutsuka 1999, Matsumoto & Hanawa 2003, Lodato
& Rice 2005, Mejia et al. 2005), isothermal and irradiated embedded disks (Krumholz et al. 2007,
Kratter et al. 2010a), and even 2D, embedded disks with radiative heating and cooling (Zhu et al.
2012). A similar, recurrent behavior has also been identified in N-body galaxy simulations, where
dynamical cooling occurs via the injection of low-velocity dispersion, or “cold” particles (Sellwood
& Carlberg 1984).

The episodic behavior observed in global simulations is likely due to one of two phenomena.
The first is the growth of the m = 1 mode, as the disk mass becomes comparable with the
stellar mass [Md ≥ 0.3M∗, in analytic estimates from Adams et al. (1989)]. Nonaxisymmetric
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β = 10 (冷却が弱いとき)β = 2 (冷却が強いとき)

Kratter and Lodato (2016)

β cooling 

重力不安定の非線形発展: 重力乱流 vs. 分裂
• Gammie (2001)は、簡単化した冷却関数

ˆe

ˆt
= ≠ e

—�≠1 ,

を用いた局所数値計算を行い、冷却時間と力学時間の比 —によって、非
線形発展が異なることを見出した:

I
— > 3 重力乱流 (局所熱平衡) ∆シアストレス起源
— < 3 分裂∆伴星・惑星形成.
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(a) A 3D isothermal simulation from the parameter studies of Kratter et al. (2010a), where Md/M∗ ≈ 0.5.
The strong left-right asymmetry is evidence of a dominant m = 1 mode. (b) A 3D simulation from Cossins
et al. (2009) with slow cooling, where Md/M∗ ≈ 0.1. Note the dominance of high m spiral structure.
Reproduced by permission of the AAS.

unstable modes is never initiated on scales ≪H . These results imply that gravito-turbulence
extends over a very small range of length scales. Additionally, there is no obvious indication of
an energy cascade with dissipation occurring on the smallest scales. On the contrary, in global,
thin-disk simulations, Cossins et al. (2009) find that mode dissipation occurs through large-scale,
almost sonic shocks. In this respect, the dynamics introduced by local GI is not akin to what one
usually calls turbulence. Morphologically, structures in shearing box simulations look more like
turbulence than the high m, tightly wound spirals seen in global simulations. This might be an
artifact of the shearing sheet/box approximation but merits further investigation. Whether gravito-
turbulence shares properties with isotropic, isothermal turbulence has important implications for
fragmentation, as we discuss in Section 3.8.

3.3.2. Large H/r. As the mass of the disk is increased, the disk becomes unstable at larger values
of H/r and higher values of Q, as predicted from the Lau & Bertin (1978) dispersion relation. Once
the disk-star mass ratio increases above ≈0.1, the evolution of the instability changes character
somewhat, transitioning from quasi-stationary spiral structures to recurrent strong episodes of
spiral activity, followed by brief quiescent phases. This behavior has been observed in a range of
simulations including isolated disks with adiabatic equations of state with and without optically
thin cooling (Laughlin et al. 1997, Tsuribe & Inutsuka 1999, Matsumoto & Hanawa 2003, Lodato
& Rice 2005, Mejia et al. 2005), isothermal and irradiated embedded disks (Krumholz et al. 2007,
Kratter et al. 2010a), and even 2D, embedded disks with radiative heating and cooling (Zhu et al.
2012). A similar, recurrent behavior has also been identified in N-body galaxy simulations, where
dynamical cooling occurs via the injection of low-velocity dispersion, or “cold” particles (Sellwood
& Carlberg 1984).

The episodic behavior observed in global simulations is likely due to one of two phenomena.
The first is the growth of the m = 1 mode, as the disk mass becomes comparable with the
stellar mass [Md ≥ 0.3M∗, in analytic estimates from Adams et al. (1989)]. Nonaxisymmetric
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Locality of transport depends on Mdisk / Mstar

tightly-wound spiral waves 
“gravito-turbulence”low m spiral waves

Mdisk / Mstar large small

energy transport non-local local
局所熱平衡

Mdisk / Mstar ~ 0.5 Mdisk / Mstar ~ 0.1



原始惑星系円盤

中心星

照射角度
θ = 0.02 (固定)

T ⇤
eff = 4000 K

M⇤ = 1M�

z

x

Lx = 24H (128 cells)

L z
 =

 1
2H

 (6
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ce
lls

)

面密度 Σ

中心星からの距離 r

本研究の目的と手法
• 現実的な熱力学（輻射冷却・状態方程式・中心星からの可視光輻射）を
基づいて、原始惑星系円盤における重力不安定の非線形発展を調べる

• シアリングボックスを用いて 3次元輻射流体力学計算を行う
– 初期に成層した層流に、擾乱を与えてその非線形発展を追う
– 計算パラメータは、中心星からの距離 rと、面密度 �（あるいは
換算してMdisk/Mú = fir2�/Mú）のみ

– 面密度 �は、0.06 < Mdisk/Mú < 0.25の範囲を考える



非線形発展の面密度Σ依存性 at 50 AU
Σ gcm-2 Md / M* density temperature outcome

60
Q0 = 1.1 0.05 laminar flow

100
Q0 = 0.66 0.08 gravito-

turbulence

200
Q0 = 0.33 0.17 gravito-

turbulence

300
Q0 = 0.22 0.26 fragmentation

Gravito-turbulence in protoplanetary disks 9

Figure 9. Density (left column) and gas temperature (right column) snapshots of the lower half of the simulation box for, from the
top to the bottom, ⌃ = 60, 100 (fiducial), 200, and 300 g cm�2. Note that, in the right column, the color range in the bottom panel
(10  T  1500 K) is di↵erent from that in other panels (10  T  100 K).

the midplane are greatly a↵ected by the reprocessed irradi-
ation. At ✓ = 0.32, the peak temperature at the midplane
is reduced because the gravito-turbulence is weakened by
the heat of the reprocessed irradiation. At ✓ = 0.64, the
gravito-turbulence is almost shut o↵ and temperatures near
the midplane are mainly determined by the reprocessed ir-
radiation.

3.5 Cases with the simple cooling function

So far we have shown results using our radiative transfer
solver with the FLD approximation. For comparison, we
show results of simulations using the simple cooling func-
tion commonly used in gravito-turbulence simulations (e.g.
Gammie 2001). In those simulations, we simply replaced the
energy equation (5) with the following equation and solve it

using the predictor-corrector method:

@e
@t
= �(r · v)p � e

�⌦
+ q

irr

, (28)

where � is a constant cooling time. At the same time, we
dropped o↵ the radiation energy equation (6) and the radi-
ation force in the momentum equation (4). We performed
four cases of � = 30, 10, 3, and 1, where a snapshot of the
fiducial run was used as the initial condition. After an initial
transient that lasted for several orbits, they reached a steady
state except for the � = 1 case. In the � = 1 case, about 10%
of the total mass was lost via the vertical boundaries dur-
ing the first 10 orbits, and thus we stopped the calculation
there.5

5 The time averaging analysis was done for this first 10 orbits.

MNRAS 000, 1–17 (2016)



Σ = 100 gcm-2 の場合：重力乱流が維持される

動径方向

方位角方向



Σ = 300 gcm-3 の場合：初期発展で分裂が起こる

動径方向

方位角方向
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Figure 10. Dependence on the surface density ! of, from the top to the
bottom, the stress Wxy (in terms of Ṁ), Shakura–Sunyaev’s α, cooling time
of the disc body βmid and Toomre parameter of the disc body Qmid, for the
grazing angle θ = 0.02. In the top panel, the dashed line denotes ∼!7/3.
In the bottom panel, the small open symbols are the initial values, and the
dotted line denotes ∼!−1/3. The upward (downward) triangles mean that
the values are above (below) the displayed range.

Figure 11. Time-averaged vertical profiles of the gas temperature for the
surface density ! = 30, 60, 80, 100, 150, 200 and 250 g cm−2. Thicker the
curve, larger the !. The fiducial run (! = 100 g cm−2) is coloured with
red.

α by a factor of 2/3γ (see equation 25); the value of ∼0.25 here
therefore corresponds to ∼0.1 in terms of the conventional α with
γ = 5/3. Although this is rather close to the maximum α sustainable
in the gravito-turbulence found by Rice et al. (2005), we note that the
value of α may change with the radius (see discussion in Section 5).

The third panel in Fig. 10 shows how the time-averaged cooling
time near the mid-plane βmid, defined in equation (22), changes
with !. In the laminar flow range of ! (≤60 g cm−2), since there
is little dissipation (and thus little cooling rate) while the thermal
energy is kept finite due to the reprocessed irradiation, βmid become
very large and are not displayed. When the gravito-turbulence is
sustained, the lowest ! case exhibits a larger βmid for a similar
reason while in other cases βmid tends to be constant at ∼4.

The bottom panel in Fig. 10 shows the time-averaged Toomre
parameter near the mid-plane, Qmid, as a function of !. The initial
Qmid (small open circles) is proportional to !−1 since the initial
sound velocity is the same in all cases. For ! ≥ 100 g cm−2,
where the gravito-turbulence is sustained, Qmid is larger than the
initial value because the sound velocity is raised by dissipation
of the turbulence. More importantly, Qmid decreases (as ∼!−1/3)
down to ∼0.7 at ! = 250 g cm−2, beyond which fragmentation
occurred. This indicates that the critical value of ! corresponds to
the minimum value of the Toomre parameter that can be realized
in the gravito-turbulence. On the other hand, the critical value of !

seems not related to a specific value of the cooling time βmid since
it stays almost constant in the gravito-turbulence regime.

Fig. 11 shows dependence on ! of the vertical profile of gas
temperature.4 When the flow is laminar (! ≤ 60 g cm−2), the tem-
perature of the disc interior is flat at the base temperature (T ∼ 10 K)
that is determined by the reprocessed irradiation from the hot upper
layers (T ∼ 60 K; Chiang & Goldreich 1997).5 On the other hand,
when the gravito-turbulence is sustained for ! ≥ 80 g cm−2, the
interior is also heated by dissipation of the turbulence and there

4 We did not plot the radiation temperature for clarity. As in the fiducial run
(Fig. 4), the radiation temperature always follows the gas temperature near
the mid-plane, and continues to decrease monotonically in the upper layers.
5 The location of the boundaries between the upper layers and the interior
are lower in the case of larger ! since downflows in the upper layers due to
hydrostatic imbalance are stronger and thus the disc is more compressed.

MNRAS 469, 561–578 (2017)
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平均冷却時間と質量降着率の面密度依存性 at r = 50AU
質量降着率（熱平衡曲線）平均冷却時間

層流 乱流 分裂 層流 乱流 分裂

• ある面密度�の範囲で、乱流 =局所熱平衡（標準降着円盤的描像）が成り立つ

– 平均冷却時間はほぼ一定 È—Í ≥ 4
– 質量降着率 Ṁ ≥ �7/3

• 乱流から分裂への遷移は、平均冷却時間 È—Íとは無関係のようにみえる

• 乱流（GIの非線形発展）が維持できる質量降着率には上限がある
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非線形発展の面密度・半径依存性と分裂条件

laminar
gravito-turbulence
clumping

collapse

どの半径でも 
高表面度側では 
常に分裂が見られる

ある半径より外側では 
局所熱平衡の解はなく 
常に分裂が見られる



平均冷却時間<β> の面密度・半径依存性

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

10 100 1000 10000
Σ [g cm−2]

10

100

r 
[A

U
]

0.0 0.5 1.0 1.5 2.0 2.5 3.0
log β

fragmentation
laminar flow

— ≥ r≠3.5�0

• Ÿ ≥ T 2
(T Æ 100 K)

• Q ≥ 1

• optically thick

<β>

大

小

平均冷却時間<β>は 
半径に強く依存する一方 
面密度によらない
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原始惑星系円盤における重力不安定非線形発展の相図
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まとめ：原始惑星系円盤（自己重力による乱流と分裂条件）

1. 初期段階の原始惑星系円盤では自己重力が重要となる。 
2. およそ半径90AU以下では、重力不安定の非線形発展による密度波
の散逸と輻射冷却が釣り合う（局所熱平衡が成り立つ）ような面密
度の範囲が存在する。 

3. およそ半径90AU以上では、冷却時間が（動的時間に比べて十分）
短いため、重力不安定の非線形発展の結果、常に分裂が起きる。 

4. およそ半径90AU以下でも、十分面密度を大きくすると（Toomre Q
値を下げると）「乱流」は維持できず、分裂が起きうる。



まとめ：　第一原理計算による標準降着円盤の熱平衡曲線


