Upwind Scheme for the
Hydrodynamical Equations

e Review of Yesterday’s Lecture

 Hydrodynamical Equations
— Characteristics (= phase velocity)
— Riemann invariants (=wave amplitude)

o Upwind Scheme
— Roe Average



Yesterdays’ key lessons

* \When solving wave equations, we need

—to rewrite them In the conservation
form,

—to evaluate the numerical flux from
the upwind side,

&

—to set the CFL number smaller than
unity.



_ectures of Today and Tomorrow

* Today we consider one dimensional flow
and learn how to solve the hydrodynamic
flow. The solution is of first order
accuracy.

e Tomorrow we learn how to obtain a
solution of second order accuracy
(Tomisaka) and how to solve three-
dimensional flow and to include gravity
(Hanawa).



Today, we learn that

HD equations are a set of nonlinear wave
equations.

HD equations can be written in the
conservation form.

One dimensional flow has three
characteristics and Riemann Invariants.

We can obtain the upwind numerical flux by
using the Roe’s formula.



HD equations are a set of nonlinear
wave equations (1)
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HD equations are a set of nonlinear
wave equations (2)
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HD equations are a set of nonlinear
wave equations (3)
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HD equations are a set of nonlinear
wave equations (4)

a—'0+va—'0+,o@:0, U x&
ot Ox Ox 0
a0 L, AP L LYy (1)
O Ot 0O OX Ox
2

LAy (2)
ot ox p Ox

i @) + (@




HD equations are a set of nonlinear
wave equations (5)

a—'0+va—'0+,o@:0, J x4
ot Ox Ox yo,
a0 L, AP L, g (1)
O Ot 0O OX Ox
2

WL a0 (2)
ot ox p Ox

i @) +(@2)




HD equations are a set of nonlinear
wave equations (6)
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HD eq. In the conservation law. (1)




HD eq. In the conservation law. (2)
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HD ed. In the conservation law. (3)
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HD eq. in the conservation law. (4)

_p— — pv ]

g V '8 V2‘|‘P =0
A e |
pE - pv

2
p_Y :g,H=E:P



HD ed. In the conservation law. (5)
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Review of the Burgers Eq.
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Upwind Scheme for HD Eq. (1)
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Upwind Scheme for HD Eq. (2)
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Upwind Scheme for HD Eq. (3)
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Upwind Scheme for HD Eq. (4)

How do we get the absolute value of
the matrix, A?
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Eigenvalues and Eigenvectors



Upwind Scheme for HD Eq. (4)

How do we get the absolute value of
the matrix, A? diagonalize

( ‘All‘ A, A13 )
‘A‘ # | Ay Ay, A23
\ A31 A32 A33 y

Eigenvalues and Eigenvectors




Upwind Scheme for HD Eqg. (5)
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Upwind Scheme for HD Eqg. (5)
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WhLeJrB\Q’ind Scheme for HD Eq. (6)
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Upwind Scheme for HD Eq. (7)
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Upwind Scheme for HD Eqg. (8)

Why ?

Fj+1/2 ;(an +F )_ % ‘AJ’H/Z‘ (Uﬁlﬂ _Uf’”)'

When v >a, |1]=

12 = Fj'

When v<—a, |4 =-4, |A = -A,andF_,, =F,,.

j+l

Otherwise, the numerical flux is mixture of
F..;and F. Flux difference Is splitted into
components In the Roe scheme.



Numerical Example:
Shock Tube Problem

Initial

Condition

x <0
P=1
o =1
T =1
v =0

(left)

x >0

P =0.05

o =0.1

7'=0.5

v=0
(right)



Shock Tube Problem (1)
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Shock Tube Problem (2)
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Shock Tube Problem (3)




Shock Tube Problem (4)
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Shock Tube Problem (5)
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Sound Wave and Shock Wave




Entropy Wave

High T Low T
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Shock Tube Problem (6)
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Shock Tube Problem (7)
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Advanced Exercise for Roe Scheme
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Riemann 4] =gdw = L dU
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Advanced Exercise for Roe Scheme
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Another Example
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