Differential Eq - Finite-Difference
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Calculation

Test Problem
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Even stable backward difference scheme,

For stability CFL # must be <1.
Smaller CFL # gives a more diffuse

solution.
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Errors in Finite-Difference
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Upwind

» For c>0, backward difference in space = stable
if CFL # <1

* For c<0, backward difference =» unstable
forward difference =» stable
(easily understood if you transform x >-x)

* This gives an idea that a stable finite difference
must contain the quantity of UPWIND cells.

Expression of upwind numerical
flux
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Consider a plain wave
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Forward and central difference in space give |g|>1.
|g(k)| >1 means such a wave grows.
Backward difference in space give |g|<1 for CFL # <1.

lg(k)| <1 means such a wave decays or amplitude of the wave decreases.

To solve the advection equation stably, |g(k)| <1 must be satisfied.
(1) suitable scheme + (2) small CFL # w
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CFL condition cAt/Ax < 1
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Summary of linear wave

« For a finite-difference scheme to obtain
stability,

« Upwind differentiation

« Satisfy CFL condition

Non-linear equation
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A part with larger amplitude propagates faster.
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Burgers equation
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Negative gradient = jump formation

A jump similar to hydrodynamical shock front

. B l Burgers (non-linear) equation predicts
a jump, which corresponds to a shock
- osf E front in the hydrodynamics.
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Positive gradient
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Gradient is getting small in the region
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Gradient keeps its initial slope.
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Near the point X =0 , gradient keeps its initial slope.

Such a false structure is sometimes called an “expansion shock.”
Sometimes it appears near the point where the direction of upwind changes.
In this model, x<0 right-wind and x>0 left-wind.
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